
For 2018, the topic of the Kylerec workshop will be the symplectic geometry of
cotangent bundles, focussing around recent progress related to Arnol’d’s conjecture
on closed exact Lagrangians in cotangent bundles, often known as the “nearby
Lagrangian conjecture”.

1. Arnol’d’s Conjecture

A symplectic manifold M is a smooth manifold equipped with a non-degenerate
closed differential 2-form ω, called the symplectic form. Symplectic manifolds first
arose in physics as the phase spaces of classical dynamical systems: given any time-
dependent real valued function H : M × R → R, one can write down Hamilton’s
equations in a coordinate independent fashion. The resulting flows, often called
Hamiltonian isotopies, preserve the symplectic form, and provide a natural class
of symmetries of M ; their dynamical properties are a central object of study in
symplectic geometry. However the modern subject also draws upon a diverse set of
examples from fields such as algebraic geometry, representation theory, integrable
systems and quantum physics. One particularly simple example is the cotangent
bundle T ∗Q of a closed smooth manifold Q, which carries a canonical symplectic
structure; this directly models the motion of a single particle on Q, with the cotan-
gent directions corresponding to possible momentum vectors. Moreover, there is a
growing understanding that the symplectic geometry of T ∗Q reflects the differential
topology of the base Q: recent work elucidating this link will be the main subject
of our workshop.

Many questions about the symplectic topology of (M,ω) can be phrased in terms
of its Lagrangian submanifolds, which are submanifolds L of dimension equal to
1
2 dim(M), on which the symplectic form ω vanishes. For example, a cotangent
bundle T ∗Q has two natural sources of Lagrangians: the zero section, Q ⊂ T ∗Q; as
well as the cotangent fibres T ∗xQ ⊂ Q. The importance of such manifolds was first
recognised by Arnol’d in the context of integrable systems, where the celebrated
Arnol’d-Liouville theorem states that certain symplectic manifolds admit natural
fiberings by Lagrangian submanifolds; for instance the cotangent fibres sweep out
T ∗Q. They have since become central objects in the subject, to the extent that
Weinstein famously coined the “symplectic creed”: “everything is a Lagrangian
submanifold” [19].

More recently, symplectic geometry has been heavily influenced by the philoso-
phy of mirror symmetry, which posits a rough correspondence between symplectic
and complex geometry. This phenomenon was first discovered by string theorists,
who noticed that certain enumerative invariants associated to the symplectic and
complex geometry of the quintic threefold were equal, to the surprise of the math-
ematical community. There are now two main ways this correspondence is con-
ceptually understood. A categorical interpretation is furnished by Kontsevich’s
homological mirror symmetry conjecture [13], according to which Lagrangians in
a symplectic manifold are the analogue of holomorphic vector bundles or coherent
sheaves on a complex manifold. On the other hand, the Strominger-Yau-Zaslow
conjecture provides a geometric perspective [17]: mirror Kähler manifolds M and
M̌ are putatively fibered into Lagrangian tori over a common base, in a dual fash-
ion. Each of these pictures point to understanding the Lagrangian submanifolds
of a symplectic manifold, and the families they form, as a question of paramount
importance.
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Arnol’d made a number of influential conjectures concerning the rigidity prop-
erties of Lagrangian submanifolds, as well as symplectic geometry more broadly.
For instance, he conjectured that if φ is a Hamiltonian isotopy of a symplectic
manifold M , and L ⊂ M is a Lagrangian, then the number of intersection points
between L and φ(L) is bounded below by the total sum of the Betti numbers∑

i bi(L): this is a remarkable improvement on the lower bound of the alternating
sum

∑
i(−1)ibi(L) one obtains from algebraic topology. This was later proven by

Floer [8], using the technology of Lagrangian Floer homology which he developed
for this purpose. Roughly speaking, given two Lagrangians L0, L1, under various
technical assumptions one can build a chain complex CF (L0, L1), generated by
their intersection points L0 ∩ L1. The differential counts the pseudoholomorphic
discs bounded by L0 and L1, according to some auxiliary choice of almost complex
structure J . The homology of this chain complex, HF (L0, L1) is then in fact in-
dependent of generic choices of J , and invariant under Hamiltonian isotopies of L0

and L1. Pseudoholomorphic curves are now ubiquitous in symplectic geometry, fol-
lowing the work of Gromov [10]; and Floer homology theories are one of the major
ways they are packaged into powerful algebraic invariants of symplectic manifolds
and their Lagrangians.

It is another one of Arnol’d’s conjectures, often termed the “nearby Lagrangian
conjecture”, that will be the main focus of this workshop. The Weinstein tubular
neighbourhood theorem states that any closed Lagrangian submanifold L of M has
an open neighbourhood which is symplectomorphic to T ∗L, and hence cotangent
bundles are the local models for more general Lagrangian embedding problems. The
cotangent bundle T ∗Q of a smooth manifold Q has the important feature that it is
exact: the symplectic form has a primitive 1-form θ satisfying ω = dθ, which is often
called the Liouville form. When restricted to any Lagrangian submanifold L, θ|L is
a closed one-form, and so we have a well-defined cohomology class [θ|L] ∈ H1(L;R).
L is called exact if this cohomology class vanishes. The nearby Lagrangian con-
jecture posits that every closed exact Lagrangian submanifold L ⊂ T ∗Q is in fact
Hamiltonian isotopic to the zero section. If true, this would amount to a classi-
fication of the exact Lagrangians of T ∗Q, modulo Hamiltonian isotopy, by their
cohomology classes [θ|L]. Moreover, it would imply that L is diffeomorphic to Q,
with the consequence that the two cotangent bundles T ∗Q1, T

∗Q2 are symplecto-
morphic if and only if their base smooth manifolds Q1, Q2 are diffeomorphic. This
is a formidable conjecture in its own right, and suggests the symplectic geometry
of cotangent bundles is inextricably bound up with the exotic features of smooth
manifolds.

2. Recent progress

The nearby Lagrangian conjecture is exceptionally hard, and is one of the ma-
jor open questions in symplectic geometry. It is only settled in a handful of iso-
lated cases: Hind [11] proved the conjecture in the case Q = S2 the two-sphere,
and Rizell-Goodman-Ivrii [16] in the case Q = T 2 the two-torus; both proofs rely
on delicate analyses of pseudoholomorphic curves in these particular geometries.
The general state of knowledge, due to Abouzaid-Kragh, is that the projection
π : L → Q of a closed exact Lagrangian in L to the base is a simple homotopy
equivalence [5]. This is the culmination of a series of papers spanning ten years,
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starting with Fukaya-Seidel-Smith [9] and Nadler [15], and parallels much of the re-
cent technical development of Floer theory. The next logical question is whether L
and Q are diffeomorphic; in principle this can be attacked by the methods of surgery
theory. One result in this direction is due to Abouzaid [3], who showed that for n
congruent to 1 mod 4, every closed exact Lagrangian L inside T ∗Sn must bound a
parallelizable manifold; later Ekholm-Kragh-Smith [7] extended this to the remain-
ing odd n > 4. Following Kervaire-Milnor [12], there are exotic spheres which do
not have this property, and thus certain exotic spheres can be distinguished by the
symplectic geometry of their cotangent bundles.

There are now several routes to prove that a closed exact Lagrangian L ⊂ T ∗Q
is homotopy equivalent to the base Q, all of which revolve around studying the La-
grangian Floer homology of cotangent bundles. The first step of the argument is to
use Floer theory to show that the projection π : L→ Q is a homology equivalence;
this is enough in the case when L and Q are simply connected. Abouzaid [4] proved
the general case by appropriately modifying the Floer theory to accommodate the
covering spaces of L and Q equipped with arbitrary rank local systems, and thus
incorporating the fundamental group. One can then ask whether π : L → Q is a
simple homotopy equivalence, meaning it is composed of a sequence of expansions
and collapses: this is measured by an algebraic invariant known as Whitehead tor-
sion, and by defining an appropriate Floer theoretic version of Whitehead torsion,
Abouzaid-Kragh [5] showed that L and Q are indeed simple homotopy equivalent.

There are now four different approaches to understanding the Floer homology of
a closed exact Lagrangian L ⊂ T ∗Q, due respectively to Fukaya-Seidel-Smith [9],
Nadler [15], Abouzaid [2] and Kragh [14]. The first three of these approaches centre
around understanding the Fukaya category. While this has many different variants,
especially in its technical definition, roughly speaking it an A∞ category F(M)
associated to a symplectic manifold M , with objects the closed Lagrangian sub-
manifolds L ⊂ M , and morphisms between two Lagrangians L0 and L1 furnished
by the chain level Floer groups CF (L0, L1). While its definition and construction
is formidable, it carries an incredible amount of information, and is now recog-
nised as one of the most important tools in symplectic topology. In the case of
an exact symplectic manifold, such as T ∗Q, the analytical set-up is comparatively
simple. Fukaya-Seidel-Smith and Nadler independently computed F(T ∗Q) under
some additional topological assumptions, the former authors using Lefschetz fibra-
tion techniques, and the latter by relating the Floer theory to microlocal sheaves.
The key result is that closed exact Lagrangians L define objects of F(T ∗Q) which
are (quasi-)isomorphic to the zero section Q, and this Floer theoretic equivalence
then proves the homology equivalence by a formal algebraic argument.

A more complete picture of the Fukaya category later emerged with Abouzaid-
Seidel’s notion of the wrapped Fukaya category W(T ∗Q) [6]. This is an enlarge-
ment of F(T ∗Q) to incorporate certain non-compact exact Lagrangians, such as
the cotangent fibres T ∗xQ. The morphisms between two Lagrangians L0, L1, de-
noted CW (L0, L1), are given by Floer homology modified by a large Hamiltonian
perturbation at infinity, which “wraps” such non-compact Lagrangians around each
other. The main point, proven by Abouzaid [2], is that W(T ∗Q) is actually gen-
erated by a single cotangent fibre T ∗xQ. Concretely this means that the entire
Floer theory of an exact Lagrangian L is encoded in CW (T ∗xQ,L), when consid-
ered as a CW (T ∗xQ,T

∗
xQ)-module via the Floer product. Moreover, building on
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earlier work of Viterbo [18] and Abbondandolo-Schwarz [1], Abouzaid showed that
CW (T ∗xQ,T

∗
xQ) is quasi-isomorphic to C−∗(ΩxQ, η), the chains on the based loop-

space of Q twisted by a canonical local system, which is a dg-algebra under the
concatenation of loops. This gives an identification of W(T ∗Q) and F(T ∗Q) with
certain full subcategories of the category of C−∗(ΩxQ, η)-modules, and gives a third
proof of the Floer theoretic equivalence between exact Lagrangians L and the zero
section Q.

Conceptually, modules over C−∗(ΩxQ) can be thought of as derived local systems
on Q. The analogy is reasonably explicit in this case: given an exact Lagrangian
L in T ∗Q, the Floer groups HF (T ∗xQ,L), as x ∈ Q varies, form a flat bundle EL

of graded abelian groups over Q. This reflects a growing philosophy that, wher-
ever possible, a 2n-dimensional symplectic manifold M should be studied relative
to an n-dimensional base B, over which M is fibered by (possibly singular) La-
grangians. By taking Floer homology with these fibers as they vary in families,
we can think of Lagrangians L ⊂ M as behaving like sheaves on B. While the
idea of studying symplectic manifolds through Lagrangian fibrations goes back to
the Arnol’d-Liouville theorem, contemporary examples of interest include the torus
fibrations in Strominger-Yau-Zaslow’s picture of mirror symmetry, as well as recent
work studying Weinstein manifolds relative to a skeleton.

In line with this philosophy, Thomas Kragh [14] has given a fourth proof of the
homology equivalence π : L→ Q, which circumvents calculations of the Fukaya cat-
egory and instead directly studies the geometry of an exact Lagrangian L through
its intersection with the cotangent fibres T ∗xQ as they vary and sweep out the whole
bundle. From this, there is a spectral sequence computing the self-Floer cohomol-
ogy HF ∗(L,L), which is formally analogous to a Serre spectral sequence, if one
were to imagine L as the total space of a fibration over Q. This spectral sequence
was also a major step in earlier proofs, but here its construction is more geometric.
A major aim of this workshop will be to understand the geometry behind Kragh’s
proof, and how it relates to a more categorical understanding of the Floer theory
of T ∗Q.

3. Our workshop

The core of the workshop will be understanding the sequence of ideas that proves
a closed exact Lagrangian L inside a cotangent bundle T ∗Q is homotopy equivalent
to Q. We will focus primarily on Kragh’s route: it is significantly more accessible for
beginner students, and understanding its geometry in depth is very worthwhile for
more advanced students. We will also spend some time discussing the construction
and computation of the wrapped Fukaya category; it is one of the most important
tools in the entire subject and in this situation it is reasonably tractable. Proving
the homotopy equivalence from the homology equivalence is then a great opportu-
nity for students to learn about local systems in Floer theory, and how they can be
used to encode homotopical information. Finally, while they are not directly part of
this story, we plan to look at the proofs of the conjecture in low-dimensional cases,
and in particular study the cotangent bundles of exotic spheres. These provide
beautiful examples of how a delicate study of moduli spaces of pseudo-holomorphic
curves can produce stunning results in symplectic geometry.

With that in mind, we propose the following rough schedule for the workshop.
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• Day one: an introduction to the problem, and a recap of pseudoholomorphic
curve techniques in symplectic geometry, leading up to a proof of Viterbo’s
theorem that the symplectic homology of T ∗Q is given by the singular
homology of the free loop space LM , in the simply connected and spin
case.
• Day two: an overview of complete proofs of the conjecture in low-dimensional

cases, and Kragh’s proof of the homology equivalence of L and Q via the
construction of a Serre spectral sequence, in the simply connected case.
• Day three: an introduction to the (wrapped) Fukaya category of T ∗Q.
• Day four: we drop the assumption of simple connectivity, and discuss how

to upgrade to a homotopy equivalence, by enhancing the Floer theory to
include local systems and finite covers.
• Day five: distinguishing the cotangent bundles of exotic spheres, by study-

ing higher dimensional moduli spaces of pseudoholomorphic discs.

We believe this provides a wonderful opportunity both for beginner students to
learn the methods of Floer theory in a concrete and tractable situation, and for
more advanced students to see the state-of-the-art techniques at work on one of the
central problems in symplectic geometry.
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